Recently twisted K-theory has received much attention due to its applications in string theory and the announced result by Freed, Hopkins and Telemann relating the twisted equivariant K-theory of a compact Lie group to its Verlinde algebra. Rather than considering gerbes as separate objects, in twisted K-theory one considers a gerbe as being part of the data for a twisted vector bundle. There is also a notion of a connection in a twisted vector bundle and Kapustin has studied some aspects of the holonomy of such connections. In this note I study the holonomy of connections in twisted principal bundles and show that it can best be defined as a functor rather than a map.
Introduction
Let me first explain my motivation, which is very different from that of the other people who have written on twisted bundles and their connections. I am interested in state-sum models of 3-and 4-dimensional manifolds. The simplest 3-dimensional state-sum model is the Dijkgraaf-Witten (DW) model [12] , which in its most basic form only uses a finite group G. To each manifold, M, the DW-model assigns the number #Hom (π 1 (M), G) /G, where G acts by conjugation. This model is the finite version of Witten's [26] integral which gives more interesting invariants of 3-manifolds using Lie groups. For finite groups the translation from Witten's integral to the statesum model is immediate, for Lie groups it is not and one has to use quantum groups in the state-sum models. On a very abstract level one can wonder how state-sums can be related to a path integral approach using the differential geometry of principal bundles and connections. One partial answer to that question is that smooth maps from π 1 (M) to a Lie group, G, correspond to principal G-bundles with flat connections. A more complete statement, due to Barrett [3] , involves the thin fundamental group of M, π Strictly speaking this definition, which is slightly different from Barrett's, is due to Caetano and Picken [9] , who obtained Barrett's results for this definition. Caetano and Picken [10] also defined the higher order thin homotopy groups. Barrett's theorem now states:
Theorem 1.2 There is a bijective correspondence
{principal G-bundles with connection} / ∼ ↔ Hom(π
The bijection is defined by the holonomy of the connections of course. Note that a connection is flat precisely when its holonomy factors through the ordinary π 1 (M).
In dimension 4 we have Yetter's [28] (Y) state-sum model using categorical groups. A categorical group is a group object in the category of groupoids. This means that it is a groupoid with a monoidal structure (a multiplication) which satisfies the group laws. Categorical groups model algebraically the homotopy 2-type of path-connected topological spaces. Let X be a pathconnected topological space and choose an arbitrary but fixed basepoint, * . The categorical group associated to X, which we denote by C(X), can be defined as follows:
1. The objects of C(X) are based loops ℓ : I → X. Let C 0 (X) denote the set of objects.
The set of morphisms between two loops is given by
C(X) 1 (ℓ 1 , ℓ 2 ) = {homotopies between ℓ 1 and ℓ 2 } / {homotopy} .
In this definition all loops and homotopies are assumed to be smooth. I call homotopies between two loops cylinders. The usual compositions of loops and homotopies make C(X) into a categorical group.
The attentive reader will have noticed that C(M) is a weak categorical group, because the composition of loops only obeys the group laws up to homotopy. In [21] Picken and I showed how to strictify C(M) moding out by thin homotopies. In the same paper Picken and I showed that, for a manifold M, there is a notion of smoothness which makes C(M) into a smooth space (but not a manifold) and we therefore proposed to call such categorical groups Lie 2-groups. In Sect. 2 I show that any central extension of Lie groups gives rise to a Lie 2-group as well. For a given finite categorical group G, examples of which are easy to construct using group cocycles, Yetter's model assigns to M the number #Hom(C(M), G)/G 0 .
Here Hom(C(M), G) is the set of functors between C(M) and G, and an element in G 0 , i.e. an object in the Lie 2-group, defines a natural transformation via conjugation. For a generalization of Yetter's state-sum model see my earlier work [19, 20] . The question now arises what kind of differential geometric objects correspond to the Y-model. In this article I show that the answer is twisted principal G-bundles with connection, which I define in Sect. 3. In [21] Picken and I studied the holonomy of gerbe-connections from the categorical point of view. We defined the thin version of C(M), denoted C 2 2 (M), which I repeat in Sect. 4. Let G be the Lie 2-group associated to a central extension of Lie groups. In Sect. 5 I prove the following theorem. Theorem 1.5 There is a bijective correspondence:
Again the correspondence is defined by the holonomy of the connections and a connection is called flat precisely when its holonomy factors through the ordinary C(M).
Central extensions and Lie 2-groups
be a central extension of Lie groups. Finite-dimensional examples are G = Spin C (n) and G = GL(N, C), infinite-dimensional examples are G = L(K), the universal central extension of the loop group of a compact Lie group K, and G = U(H), where H is an infinite-dimensional separable complex Hilbert space. It is well known that, for any central extension of Lie groups, G π → H is a locally trivial principal U(1)-bundle. We can therefore define the locally trivial Lie groupoid associated to (1).
Definition 2.1 The objects of
are the elements of H, the morphisms are equivalences classes in G×G/U(1), where the action of U(1) is defined by (g 1 , g 2 )x = (g 1 x, g 2 x). I denote such an equivalence class by [g 1 , g 2 ], which I consider to be a morphism from
, where x ∈ U(1).
The identity morphism or unit of h ∈ H is taken to be
This is a well-known construction (see [24] ) and one can show that it is a locally trivial Lie groupoid, meaning that there is a smooth structure on (2) for which composition, inverses and units are smooth and around each h ∈ H there is a neigborhood U ⊂ H such that (2) restricted to U is isomorphic to the trivial Lie groupoid U × U(1) × U.
Lemma 2.2
The group operations on G and H induce a monoidal structure on (2) . The tensor product on objects is simply the group operation on H.
On morphisms the tensor product is defined by
Proof Since the extension is central, the composition and tensor product satisfy the interchange law, i.e.
whenever both sides of the equation make sense. The other requirements for a monoidal structure follow immediately from the group axioms in G and H.
Because G and H are groups, this makes (2) into a Lie 2-group. It is easy to recover the original extension of Lie groups from this, since G is diffeomorphic to the Lie subgroup of elements of the form [1, g] with the tensor product corresponding to the group operation. Note that the Lie algebroid of (2) can be identified with the central extension of the corresponding Lie algebras, because the tangent bundle of any Lie group is trivializable. Let me make the slightly academic point that I do not give, nor did Picken and I in [21] , a precise abstract definition of Lie 2-groups. Any Lie 2-group whose underlying Lie groupoid is locally trivial, can easily be shown to come from a central extension of Lie groups (where the kernel may be any abelian Lie group of course). Which other examples of categorical groups with some sort of smooth structure should be accomodated by a general definition is not clear to me yet, which is why I do not attempt to give a general definition.
Twisted principal bundles and connections
A twisted bundle is a geometric structure whose failure to be a bundle is defined by a gerbe. They appear in the literature at several places [1, 5, 14, 17, 27] . In this section I have tried to give a systematic exposition of the basic facts about twisted bundles and connections. Brylinski [6] constructs explicitly the gerbe which expresses the obstruction to lifting a principal H-bundle, h ij , to a principal G-bundle, and he also constructs the gerbeconnection on this gerbe from a connection on h ij . However, he does not consider the whole twisted bundle with connection as one geometric object, and, therefore, does not consider in detail the equivalence relations between them. Nothing in this section is new strictly speaking, but I hope that writing out everything explicitly is useful for the reader.
I give the definition of twisted bundles in terms of transition functions. Of course it is possible to follow Chatterjee and Hitchin's [11, 16] approach to gerbes and define a twisted bundle in terms of locally defined bundles which fail to match up on double overlaps by transition line-bundles, which define a gerbe. The practical upshot would be that one could then use covers of the manifold which are not good, but conceptually there would not be much difference. Let M be a finite-dimensional smooth manifold without boundary and let U be a good covering of M of open sets, i.e. all intersections
of elements of U are contractible or empty.
Definition 3.1 A gerbe is defined by functions on triple overlaps,
g ijk : U ijk → U(1),
which are antisymmetric with respect to permutations of the indices and satisfy the cocycle condition
Two gerbes, g ijk and g ′ ijk , are equivalent precisely when there exist functions
Thus the equivalence class of a gerbe corresponds to aČech cohomology class inȞ 2 (M, U (1)). It is well-known that there is an isomorphism
so one can assign a characteristic 3rd integer cohomology class to a gerbe, called its Dixmier-Douady class. Gerbes were invented by Giraud [15] in the context of non-abelian cohomology. The standard reference for gerbes nowadays is Brylinski's book [6] , to which I refer for further details. Let G be the Lie 2-group associated to a central extension as in (1).
given by functions
Throughout this article a twisted principal G-bundle is denoted by the pair
are equivalent if the two gerbes are equivalent, say by λ ij , and, furthermore, there exist functions
Symbolically one can write these equivalence classes of twisted principal Gbundles as cohomology classes inȞ 1 (M, G). Note that a twisted principal G-bundle is equivalent to an ordinary principal G-bundle if and only if the twisting gerbe is trivializable. If G = U(1) in the central extension, then a twisted principal G-bundle is nothing but the trivialization of a gerbe. Note also that a principal G-bundle projects to an ordinary principal H-bundle under the projection G π → H. As a matter of fact one can show, following Brylinski's approach [6] :
Lemma 3.3 The projection of a twisted principal G-bundles is a principal Hbundle. Equivalent twisted principal G-bundles project to equivalent principal H-bundles.
Conversely, given a principal H-bundle, h ij , one can construct a twisted principal G-bundle, unique up to equivalence, which projects to h ij . Equivalent principal H-bundles yield equivalent twisted principal G-bundles.
Proof The first part follows immediately from Def. 3.2. I now prove the second part. Given a principal H-bundle, h ij : U ij → H, we can use local sections in G π → H to obtain functions f ij : U ij → G which project to h ij . Note that these local sections exist because we have assumed that the cover is good. One can easily check that the coboundary
defines a gerbe. Thus f ij , g ijk forms a twisted principal G-bundle. Different local sections yield functions f ′ ij : U ij → G, such that the quotients
define an equivalence between the corresponding gerbes. Therefore, different local sections yield an equivalent principal G-bundle.
Now suppose there exist functions g i :
As above, we can find a local section of G π → H over each U i , and use this to lift g i to a function h i : U i → G. It is now clear that
defines an abelianČech co-chain, and therefore b ij , d ijk and f ij , g ijk define equivalent twisted principal G-bundles according to Def. 3.2.
It looks like this lemma kills off all the interest in the subject, but that is not true. First of all working with projective vector bundles, i.e. when G = GL(n, C) or G = U(H), amounts to working with twisted bundles because one always wants to work with concrete matrices or operators instead of the projective classes they represent. In that case one has to use the twisted bundle concept to keep things consistent. This is precisely what happens in the down-to-earth approach to twisted K-theory in [17, 27] for example. Secondly, when considering connections in twisted bundles below, we will see that there is more information in the connection of a twisted principal G-bundle than can be obtained from the corresponding connection in the principal H-bundle. Also, one has to bear in mind that the main purpose of defining twisted bundles is that one tries to find a geometric framework in which the principal H-bundle, the central extension G π → H, and the obstruction to lifting the principal H-bundle are all assembled into one geometric object. This point of view is consistent with the results in Sect. 5, where I show that the holonomy of the connection in a twisted principal G-bundle yields one functor which contains all the information about the twisted bundle and its connection. One might compare this to the rôle of n-groupoids in homotopy theory. It is well-known that the homotopy n-type of a CW-complex X is determined by the first n homotopy groups of X and a set of n − 1 characteristic cohomology classes, called the Postnikov invariants of X. Grothendieck proposed a more geometrical model using n-groupoids. The homotopy n-groupoid of X contains precisely the same information as the homotopy groups and the postnikov invariants, but its definition is far more intuitive. The objects are the points in X, the morphisms are paths between points, the 2-morphisms are homotopies between paths, ..., and, finally, the n-morphisms are homotopy classes of homotopies between n − 1-morphisms. This picture inspired people to think about n-categories, which is now a rapidly developing new field of research [2] . Baez and Dolan [4] suggested that n-categories might be the right framework for Topological Quantum Field Theories (TQFT's). Therefore, the question arises if there is some notion of n-categorical geometry related to TQFT's, which explains my motivation for writing this article.
Let me also remark that, given a representation of G, one can define the twisted associated vector bundle in the obvious way. Actually the twist can become trivial in this construction, depending on which representation one chooses, e.g. the adjoint representation of G on its Lie algebra yields an ordinary H-vector bundle, called the adjoint bundle. One can take the direct sum of two twisted vector bundles that are twisted by the same gerbe. If the gerbes are not equivalent then one cannot take the direct sum, but one can always tensor two twisted vector bundles obtaining a twisted vector bundle which is twisted by the product gerbe. Twisted K-theory is basically the topological K-theory of twisted vector bundles. It has recently received a lot of attention due to its applications in string theory [5, 17, 27] and Freed, Hopkins and Teleman's remarkable result announced in [14] .
I now explain what a connection in a twisted principal G-bundle is. Let me first recall the definition of a gerbe-connection, which consists of two ingredients, the 0-connection and the 1-connection (Chatterjee's terminology [11] ). 
The curvature of a gerbe-connection is a global 3-form, Ω, with values in iR, satisfying 
We recall that the cohomology class of Ω/2πi, which is integral and does not depend on the particular choice of gerbe-connection, is exactly equal to the Dixmier-Douady class of the gerbe. Now let g ijk be a gerbe and let f ij be a twisted principal G-bundle. 
Two twisted principal G-bundles, f ij , g ijk and f 
e. if the gerbe-curvature is equal to 0.
Note that f ij , g ijk admits a flat connection if and only if g ijk is trivializable, in which case f ijk , g ij with its flat connection is equivalent to an ordinary principal G-bundle with an ordinary connection and a globally defined closed 2-form.
Note also that (3) implies that the projections of the curvatures of the A i , denoted κ(A i ) = dA i + A i ∧A i , onto iR define a 1-connection in the gerbe with the chosen 0-connection, i.e.
However, this 1-connection need not be equal to the one defined by the F i . Their difference, pr iR (κ(A i )) − F i , therefore defines a global 2-form on M. Of course one could also define these connections in the form of local 1-forms living on locally defined bundles, two of which then have to match up on a double overlap modulo a connection in a transition line-bundle which is part of some gerbe-data a la Chatterjee and Hitchin [11, 16] . It is easy to check that all definitions in this section are consistent, which relies on the extension (1) being central.
Following Brylinski [6] again, but being a bit more precise about the equivalences, we obtain the following extension of Lem. 3.3:
Lemma 3.6 A twisted principal G-bundle with connection projects to a principal H-bundle with connection. Equivalent twisted principal G-bundles with connections project to equivalent principal H-bundles with connections.
Conversely, a principal H-bundle with connection, h ij , C i , yields a twisted principal G-bundle, f ij , g ijk , with connection, A i , A ij , F i , which projects to h ij , C i . All data are uniquely determined, up to equivalence of course, by the equivalence class of h ij , C i , except the F i .
Proof The first part is easy to check, so let me only prove the second part. Using local sections again, we can lift h ij , C i to obtain functions f ij : U ij → G and local 1-forms, A i , with values in the Lie algebra of G. The 1-forms
ij df ij = A ij define a gerbe 0-connection for the gerbe
As already remarked (3) implies that F i = pr iR κ(A i ) defines a gerbe 1-connection for g ijk , A ij . I leave it to the reader to check that different local sections yield equivalent twisted principal G-bundles with connections.
Since (3) does not involve the F i , we are actually free to choose the gerbe 1-connection and it is not determined by the projected principal H-bundle with its connection. [17] . [7, 8, 18, 23, 25] . In general the transgression of a de Rham n-form, F , yields an n − 1-form,F , on the loop space defined bỹ
Example 3.8 If G = GL(n, C), it is easy to see that the Dixmier-Douady classes belong to the n-torsion in H 3 (M, Z). This holds because P GL(n, C) = P SL(n, C) and the kernel of SL(n, C) → P SL(n, C) consists of all nth roots of unity. This shows that, for this central extension, a manifold with non-trivial twisted principal G-bundle has to have dimension equal to 4 at least. Kapustin concentrates on this case and explains the twisted K-theory of twisted finite-dimensional vector bundles in detail
F γ (v 1 (t), . . . , v n−1 (t)) = γ F γ(t) (γ(t), v 1 (t), . . . , v n−1 (t))dt.
Transgression induces a map
Example 3.10 Take G = U(H). This was the case originally studied by Dixmier and Douady [13] . They showed that to each class ω ∈ H 3 (M, Z) one can associate an infinite-dimensional algebra bundle whose Dixmier-Douady class is equal to ω. Unfortunately, it seems very hard to do some differential geometry with these infinite-dimensional bundles. As a matter of fact the infinite-dimensional algebra bundles are taken to be continuous and the twisted K-theory of such a bundle is the K-theory of the C * -algebra of continous sections vanishing at infinity (see Atiyah's expository paper [1] and references therein). Freed, Hopkins and Telemann [14] use an equivariant version of this K-theory on compact Lie groups to obtain their aforementioned result. Brylinski [6] explains Dixmier and Douady's theory in some detail and comments on the problems in passing to the smooth setting. His main argument for doing gerbes instead, is that these are finite-dimensional objects which admit smooth connections.
Cylinders
Let us now define the thin Lie 2-group of cylinders, denoted by C 2 2 (M). We define C 2 2 (M) as the quotient of the non-strict monoidal groupoid C 2 (M) of cylinders modulo thin homotopy, which is the thin analogue of Def. 1.3, by the normal monoidal subgroupoid of thin cylinders N 2 (M). One has to be a bit careful about smoothness, because the composite of two smooth loops or cylinders might not be smooth at the basepoint, but one can solve that by introducing sitting points (see [9] ). Recall that for homotopies of the trivial loop to itself both compositions are the same up to thin homotopy, which is why π weak inverses for the objects because loops only form a group up to thin homotopy. Instead of using the abstract strictification theorem (see [22] and references therein), which is not very practical for the concrete application to gerbe-holonomy, we "strictify" C 2 (M) by hand by dividing out by the monoidal subgroupoid of only the thin homotopies, N 2 (M). Dividing out by a monoidal subgroupoid is only well-defined if it is normal. The definition of a normal monoidal subgroupoid and the proof that N 2 (M) is normal in C 2 (M) can be found in [21] .
Definition 4.1 The objects of C 2 (M) are simply the elements of Ω(M), the set of based smooth loops in M (whose basepoint is a sitting point). The morphisms are thin homotopy classes of homotopies between loops, through based loops. It is clear that this forms a groupoid under the obvious composition of homotopies. There is also a monoidal structure on
We can now define the quotient groupoid C For any α, β, γ, µ ∈ Ω(M) and for any G ∈ C 2 (M)(α, β) and H ∈ C 2 (M)(γ, µ), we say that G and H are equivalent if there exist thin ho-
The morphisms between [γ] and [µ] are the equivalence classes of
The composition and the monoidal structure descend to the quotient precisely because N 2 (M) is normal. The smooth structure is defined by smooth families of loops and smooth families of homotopies.
For the precise notion of smoothness, see [21] .
Holonomy
I first show how the holonomy of a connection in a twisted principal G-bundle assembles nicely into a functor
and then I show that this functor contains all the information about the twisted bundle and its connection.
Let g ijk , A ij , F i be a gerbe with gerbe-connection and let f ij , A i be a twisted principal G-bundle with connection. Given a smooth cylinder . Choose now a rectangular subdivision of I 2 such that each little rectangle r i is contained in at least one open set, which for convenience I take to be V i . Denote the edge r i ∩ r j by e ij , and the vertex r i ∩ r j ∩ r k ∩ r l by v ijkl . Let ǫ(s) ∈ U(1) be the following complex number
The last two products are to be taken over the labels of contiguous faces in the rectangular subdivision only and in such a way that each face, edge and vertex appears only once. The convention for the order of the labels is indicated in Fig. 1 . If s is closed, ǫ is exactly equal to the gerbe-holonomy as Picken and I showed in [21] , so, in that case, its value does not depend on any of the choices that were made for its definition. In general ǫ depends on the choices that I made in (5), of course. As a matter of fact, its value only depends on the choice of covering of the boundary of s(I 2 ), because changes in the covering of the "middle" of s(I 2 ) do not affect ǫ, which can be shown by repeated use of Stokes' theorem. Let me give one more ill-defined definition. Let ℓ : I → M be a loop, based at * , in M. Since f ij , A i projects to an honest principal H-bundle with connection, π(f ij ), π * (A i ), one can define in the usual way their holonomy along ℓ, which I denote by H 0 (ℓ) ∈ H. When one tries to do the same for f ij , A i , the usual formula for holonomy is not well-defined. However, this should not stop us. Let the image of ℓ be covered by certain U i again, and choose a subdivision of I such that each subinterval I i is contained in the inverse image of at least one open set, which I take to be V i . Let v i,i+1 be the vertex
In (6) Pexp means the path-ordered integral, which one has to use because G is non-abelian in general. For the same reason the order in the product is important. We are now ready for the definition of the holonomy functor H, which of course has to be independent of all choices. 
As remarked already this is well-defined. Let s :
In the next lemma I show that this is well-defined indeed. 
which is independent of all the choices that I made for its definition. Proof Showing that H preserves the Lie 2-group structures is very easy, once it has been established that it is well-defined. Therefore I only show the latter. To prove well-definedness one has to show two things: that (7) does not depend on the choice of covering of s, and that (7) is equal for all representatives of the equivalence class of s. Let me first prove the first of these two statements. As far as H 1 (ℓ) and H 1 (ℓ ′ ) are concerned, it is clear that only the choice of covering of the boundary of s affects their value. I already argued that the same is true for the value of s, due to Stokes' theorem. It now suffices to see what happens when we introduce an extra vertical line in our rectangular subdivision and a new covering of the new (smaller) rectangles at the boundary. In Fig. 2 one can see such a change. I use the notation as indicated in those two pictures. Let us first compare the values of H 1 (ℓ) in the two pictures. In the calculations below I suppress the pull-back ℓ * to simplify the notation. In the first picture the part of H 1 (ℓ) that matters is equal to
and in the second picture that part becomes
Now, we can rewrite (9) to obtain (8) times an abelian factor. In order to do this we have to use the transformation rule for the path-ordered integral:
Using the equations satisfied by the A i as a connection in a twisted principal G-bundle, we see that (9) can be rewritten as
Using (10) we see that this is equal to
Finally, using that the coboundary of f is equal to g, we get
Of course a similar calculation can be made for H 1 (ℓ ′ ). A straightforward calculation using Stokes's theorem, which I omit, now shows that the inverse of the extra abelian factor in (11) times the extra abelian factor in H 1 (ℓ ′ ) cancel against the extra (abelian) factor in ǫ(s) which appears when it is computed for the same change in covering.
Next I prove that (7) is constant on thin homotopy classes. Let
be two cylinders which represent the same class in
... Let G be an arbitrary thin homotopy between two arbitrary loops, α and β. I claim that
from which it can be easily seen that (12) follows. Let me prove the claim. Given a rectangular subdivision of I 2 as above, one can write the loop around the boundary of I 2 as the composite of loops which just go around the boundary of one little rectangle r i at a time and are connected with the basepoint via a tail lying on some edges. See Fig. 3 for an example, which is like a snake. Each r i lies in an open set V i and the pull-back of the twisted principal G-bundle with connection defines an honest principal G-bundle over V i , so the holonomy in that bundle around the boundary of r i is trivial, because G is thin. For the same reason ǫ(G(r i )) is equal to 1. Taking the product of the holonomies around the boundaries of all r i together with the product of all ǫ(G(r i )) we get
From the remarks following Def. 3.5 it follows that the connection in f ij , g ijk is flat if and only if H is constant on ordinary homotopy classes of cylinders, so if and only if H defines a functor H :
Note that the lemma above implies that the element
is well-defined for any s : I 2 → M. Kapustin [17] studied the special case in which G = GL(n, C) and s(0, t) = c * equals the trivial loop at the basepoint. His main mathematical result seems to be that tr(H 1 (ℓ ′ )ǫ(s)) is a well-defined complex number in that particular case.
The proof of the following lemma is a very easy but tedious exercise, which I omit here.
Lemma 5.3 Equivalent twisted principal G-bundles with connections give rise to the same holonomy functor.
Putting together Barrett's [3] results about the reconstruction of bundles with connections from their holonomies and Picken and my [21] analogous results for gerbes, one now almost immediately gets the following lemma. Proof Lemma 3.6 implies that one can recover the full twisted principal Gbundle with connection, up to equivalence, from the principal H-bundle and its connection, obtained using the construction in [3] , and the gerbe with the gerbe-connection, obtained using the construction in [21] , so that finishes the proof formally. However, it would be nice to see what f ij and A i are in terms of the holonomy functor H directly. This can be done using the same techniques as Picken and I used in [21] . There we chose a fixed point in each open set, called x i ∈ U i , and a fixed point in each double overlap, x ij ∈ U ij . We picked a path from the basepoint * ∈ M to each x i and showed how to fix paths in U i from x i to any other point in U i . We also showed how to fix homotopies inside U i between any two homotopic paths in U i . In particular we got a fixed loop * → x i → y → x j → * , for any point y ∈ U ij . Call this loop ℓ(y). Now consider H(s(y)) ∈ G × G/U(1),
where s(y) is the fixed homotopy between ℓ(x ij ) and ℓ(y). Take a representative of H(s(x ij )) in G × G, which of course is of the form (g, g). For any y ∈ U ij , take the unique representative of (13) of the form (g, h) and define
The choice which this reconstruction of f ij involves, corresponds to gauge fixing. Analogously we can reconstruct the A i . Given a vector v ∈ T y (U i ), we can represent it by a small path q(t) in U i , whose derivative at t = 0 is equal to v. Now there is a loop * → x i → y q → q(t) → x i → * .
Call it ℓ t . For each value of t, we can use the fixed homotopy in U i to get a homotopy, s(t), from the trivial loop at * to ℓ t . consider H(s(t)) = (g(t), h(t)) ∈ G × G/U(1).
Now define
To prove that f ij and A i satisfy the right equations, one can use the same techniques as Picken and I used in [21] .
Choosing a different basepoint in M and a path from that basepoint to * yields an equivalence between the two respective Lie 2-groups of cylinders. This equivalence induces an equivalence relation on the holonomy functors H that correspond to the same equivalence class of twisted principal G-bundle with connection. Just as for ordinary connections, two holonomy functors are equivalent if and only if they are conjugate by an element in H. To understand what this means, note that H acts by conjugation both on itself and on G, its central extension. Therefore each h ∈ H yields a functor h : G → G, which I call the conjugation functor. Together with Lem. 5.2, Lem. 5.3 and Lem. 5.4 these remarks prove Thm. 1.5.
